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Abstract
In this paper, we prove that for a given biquaternion algebra over a field of
characteristic two, one can move from one symbol presentation to another
by at most three steps, such that in each step at least one entry remains
unchanged. If one requires that in each step two entries remain the same
then their number increases to fifteen. We provide even more basic steps
that in order to move from one symbol presentation to another one needs to
use up to forty-five of them.
Keywords: Chain lemma, common slot lemma, biquaternion algebra,
quaternion algebra, characteristic 2, quadratic forms
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1. Introduction
Every quaternion algebra over a field F has a symbol presentation
[α, β) = F [x, y : x2 + x = α, y2 = β, xy + yx = y]
if F is of characteristic 2, and
(α, β) = F [x, y : x2 = α, y2 = β, xy = −yx]
if F is of characteristic not 2, for some α, β ∈ F .
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A biquaternion algebra is a tensor product of two quaternion algebras. If
[α, β) and [γ, β) are symbol presentations of the quaternion algebras, then
[α, β)⊗[γ, δ) is a symbol presentation of the biquaternion algebra. By a chain
lemma we mean a theorem that provides a list of basic steps with which one
can obtain from one symbol presentation of the biquaternion algebra all the
other symbol presentations.
An element x in the algebra is called Artin-Schreier if it satisfies x2+x ∈ F
and square-central if x2 ∈ F .
The chain lemma for biquaternion algebras in characteristic not two was
studied recently in [Siv12] and [CV13].
In this paper we prove a similar chain lemma for biquaternion algebras
in case of characteristic 2. We study it through quadruples of standard
generators. A quadruple of generators is (x, y, z, u) such that
x2 + x = α, y2 = β, z2 + z = γ, u2 = δ,
xy + yx = y, xz = zx, xu = ux, yz = zy, yu = uy, zu+ uz = u
where [α, β)⊗ [γ, δ) is the algebra under discussion. The quadruple consists
naturally of two pairs, (x, y) and (z, u). We are not concerned with the order
of the pairs, i.e. (x, y, z, u) = (z, u, x, y). Of course the order of the elements
inside the pair is important, the first element corresponds to a separable field
extension of the center and the second corresponds to an inseparable field
extension. The first element is Artin-Schreier, and the second element is
square-central.
We define the following steps on a quadruple of generators (x, y, z, u):
Λ3 : At most three generators are changed.
Λ2 : At most one generator is changed in each pair.
Π : At most one pair is changed.
Ωs : x and z are preserved and y and u are multiplied by a+ b(x+ z) for
some a, b ∈ F
Ωi : y and u are preserved and an element of the form ayu is added to x
and z for some a ∈ F .
Ωc : y and z are preserved and x changes to x + by(1 + by)
−1z and u
changes to (1 + by)u for some b ∈ F .
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Λ1 : At most one generator is changed.
We prove that one can move from one quadruple of generators to another
by a chain consisting of up to three steps of type Λ3. We prove further that
every step of type Λ3 can be replaced with up to three steps of type Π and
two steps of type Λ2. Furthermore, we prove that each step of type Λ can be
replaced with up to either three steps of type Λ1 or two of type Λ1 and one of
type Ωi, Ωs or Ωc. Since Π changes only one quaternion algebra, it is known
that Π can be replaced with up to three steps of type Λ1. Consequently, in
order to move from one quadruple of generators to another one needs to do
up to 45 steps, where at most 6 of them are of type Ωi, Ωs or Ωc and all the
rest are of type Λ1.
The basic steps on the quadruples of generators can be easily translated
to basic steps on the symbol presentations.
The Ωs step changes [α, β)⊗ [γ, δ) to
[α, (a2 + ab+ b2(α + γ))β)⊗ [γ, (a2 + ab+ b2(α + γ))δ)
for some given a, b ∈ F .
The Ωi step changes [α, β)⊗ [γ, δ) to
[α + a2βδ, β)⊗ [γ + a2βδ, δ)
for some given a ∈ F .
The Ωc step changes [α, β)⊗ [γ, δ) to [α +
b2βγ
1+b2β
, β)⊗ [γ, δ(1 + b2β)) for
some b ∈ F .
The Λ1 step changes one of the quaternion algebras [α, β) to either to
[α, (a2 + ab+ b2α)β) or [α + a2 + a + b2β, β) for some α, β ∈ F .
Throughout this paper, let A be a fixed biquaternion division algebra
over a field F of characteristic two.
2. Decomposition with respect to maximal subfields
In this section we shall prove that if A contains a maximal subfield, gen-
erated either by two Artin-Schreier elements or one Artin-Schreier and one
square-central, then it decomposes as the tensor product of two quaternion
algebras such that each of the generators is contained in a different quater-
nion algebra.
These lemmas will be used later on in this paper.
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Lemma 2.1. If x and z are commuting Artin-Schreier elements then there
exist some square-central elements u and y such that (x, y, z, u) is a quadruple
of generators.
Proof. If x and z are commuting Artin-Schreier elements then CA(F [x]) is
a quaternion algebra containing z. This algebra contains some q such that
q2 ∈ F [x] and zq+qz = q. The involution on F [x, u] satisfying x∗ = x+1 and
z∗ = z extends toA. In particular, q∗x = xq∗, and therefore q∗ ∈ CA(F [x]). If
q∗ = q then by taking u = q, u is square-central and zu+uz = u. Otherwise,
we take u = q + q∗. In particular A = A0 ⊗ F [z, u]. x is in the quaternion
subalgebra A0 and therefore there exists some square-central element y ∈ A0
such that xy + yx = y.
Lemma 2.2. If x is Artin-Schreier and u is square-central then there exist
some Artin-Schreier element z and some square-central element y such that
(x, y, z, u) is a quadruple of generators.
Proof. If x is Artin-Schreier and u is a square-central element commuting
with x then CA(F [x]) is a quaternion algebra containing u. This algebra
contains some q such that q2 + q ∈ F [x] and qu + uq = u. The involution
on F [x, u] satisfying x∗ = x + 1 and u∗ = u extends to A. In particular,
q∗x = xq∗, and therefore q∗ ∈ CA(F [x]).
For some β ∈ F , u2 = β. Write µ = q(a + bu)q∗ for some unknown
a, b ∈ F . Since q + q∗ is symmetric with respect to ∗ and commutes with
u, q + q∗ = c + du for some fixed c, d ∈ F . Obviously µ∗ = µ. We want
µu+uµ = u. It is a straight-forward calculation to see the condition becomes
1 = a + ac + bdβ + (ad + bc)u. Consequently, we want the following system
to be satisfied:
1 = (c+ 1)a+ dβb
0 = da+ cb
This system has a solution, unless c(c+ 1) = d2β.
If c(c + 1) 6= d2β then by taking z = q(a + bu)q∗ where a, b is a solution
to the system above, z is Artin-Schreier and zu + uz = u.
If c(c + 1) = d2β then (q∗)2 + q∗ = (q + c + du)2 + (q + c + du) =
q2+ c2 + d2β + du+ q + c+ du = q2+ q. This means that q2 + q is invariant
under ∗, and therefore q2 + q ∈ F . In this case we will take z = q.
All in all, one can find an Artin-Schreier element z such that zu+uz = u
and xz = zx, which means that A = A0 ⊗ F [z, u]. x is in the quaternion
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subalgebra A0 and therefore there exists some square-central element y ∈ A0
such that xy + yx = y.
3. A chain consisting of steps of type Λ3
In this section we will show that every two generating quadruples are
connected by a chain of up to three steps of type Λ3.
Lemma 3.1. For any two Artin-Schreier elements x, z, if they do not com-
mute then the subalgebra F [x, z] is a quaternion algebra, whose center is
either F or a quadratic extension of it.
Proof. There exist a, b ∈ F such that x2 + x = a and z2 + z = b. Let
r = xz + zx, t = xz + zx+ z = r+ z. It is easy to see that xr+ rx = r, and
xt + tx = 0.
Since z = r + t, z2 + z + b = r2 + t2 + rt + tr + r + t + b = 0. Therefore
(z2 + z + b)x+ x(z2 + z + b) = rt+ tr + r = 0.
Since s = x + t commutes with x, t, r, it is in the center of F [x, z]. The
elements x and r generate a quaternion algebra over the center of F [x, z],
and since t differs from x by a central element, F [x, z] is a quaternion algebra
over its center.
Since F [x, z] is a subalgebra of a biquaternion algebra, it cannot be the
entire algebra, and therefore its center is either F or a quadratic field exten-
sion of F .
Lemma 3.2. If x and z are not commuting Artin-Schreier elements then
there exists some w ∈ V which is either Artin-Schreier or square-central and
commutes with them both.
Proof. If the center of F [x, z] is a quadratic extension of F then it is generated
by some w ∈ V , and that finishes the proof. Otherwise, according to Lemma
3.1 the center of F [x, z] is F and A = F [x, z] ⊗ F [w, u : w2 + w = c, u2 =
d, wu+ uw = u] for some c, d ∈ F , and this also finishes the proof.
Theorem 3.3. Every two quadruples of generators are connected by a chain
of up to three steps of type Λ3.
Proof. Let (x, y, z, u) and (x′, y′, z′, u′) be two quadruples of generators. If x
and x′ are not commuting then according to Lemma 3.2 there exists some w
which is either Artin-Schreier or square-central commuting with x and x′.
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If w is Artin-Schreier then according to Lemma 2.1 there exist s, t 6= 0
such that (x, s, w, t) is a quadruple of generators.
Similarly, there exist some s′, t′ such that (x′, s′, w, t′) is a quadruple of
generators.
Consequently, there is a chain
(x, y, z, u)
Λ3
−→ (x, s, w, t)
Λ3
−→ (x′, s′, w, t′)
Λ3
−→ (x′, y′, z′, u′).
If w is square-central then according to Lemma 2.2 there exist s, t 6= 0
such that (x, s, t, w) is a quadruple of generators.
Similarly, there exist some s′, t′ such that (x′, s′, t′, w) is a quadruple of
generators.
Consequently, there is a chain
(x, y, z, u)
Λ3
−→ (x, s, t, w)
Λ3
−→ (x′, s′, t′, w)
Λ3
−→ (x′, y′, z′, u′).
If x and x′ are commuting then according to Lemma 2.1 there exist s, t 6= 0
such that (x, s, x′, t) is a quadruple of generators.
Consequently, there is a chain
(x, y, z, u)
Λ3
−→ (x, s, x′, t)
Λ3
−→ (x′, y′, z′, u′).
4. Replacing a step of type Λ3 with steps of types Π and Λ2
In this section we shall show how a step of type Λ3 can be obtained by
up to three steps of type Π and two of type Λ2.
Lemma 4.1. If y and y′ are two non-commuting square-central elements
in A then F [y, y′] is a quaternion algebra either over F or over a quadratic
extension of F . In particular, there exists either an Artin-Schreier element
or a square-central element that commutes with both of them.
Proof. Let t = yy′+ y′y and r = yy′+ y′y+ y′. It is easy to see that yt = ty,
y′t = ty′ and yr + ry = t. In particular t is in the center of F [y, y′]. If t = 0
then y′ = r and y′ commutes with y, but we assumed the contrary, and so
t 6= 0. For similar reasons r 6= 0.
Let q = yrt−1. It is a straight-forward calculation to see that q ∈ V and
qr + rq = r. Consequently q and r generate a quaternion algebra over the
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center of F [y, y′]. Since this center contains t, it is easy to see that y and
y′ belong to that quaternion algebra, and therefore F [y, y′] = K[q, r] where
K = Z(F [y, y′]). Since it is a subalgebra of a biquaternion algebra over
F , its center can be either F or a quadratic extension of F . In both cases
there exists either an Artin-Schreier element or a square-central element that
commutes with both y and y′.
Theorem 4.2. Every step of type Λ3 can be achieved by at most three steps
of type Π and two of type Λ2.
Proof. A step of type Λ3 preserves either an Artin-Schreier generator or a
square-central generator.
Assume that it preserves an Artin-Schreier generator, i.e.
(x, y, z, u)
Λ3
−→ (x, y′, z′, w′).
If y′ ∈ F [x, y] then
(x, y, z, u)
Λ1
−→ (x, y′, z, u)
Π
−→ (x, y′, z′, u′).
Otherwise, if y′ commutes with y then
(x, y, z, u)
Π
−→ (x, y, ?, yy′)
Λ2
−→ (x, y′, ?, yy′)
Π
−→ (x, y′, z′, u′).
Assume that they do not commute. According to Lemma 4.1, there exists
either an Artin-Schreier element or a square-central element t commuting
with both y and y′.
If µ = xt + tx + t 6∈ F then it is a straight-forward calculation to show
that µ commutes with x, y and y′, and so µ generates a quadratic extension
in both F [z, u] and F [z′, u′]. If it is separable then
(x, y, z, u)
Π
−→ (x, y, µ, ?)
Λ2
−→ (x, y′, µ, ?)
Π
−→ (x, y′, z′, u′),
and if inseparable then
(x, y, z, u)
Π
−→ (x, y, ?, µ)
Λ2
−→ (x, y′, ?, µ)
Π
−→ (x, y′, z′, u′).
Otherwise, t could be picked such that µ = 0 and then xt + tx = t, and
therefore t must be square-central. In this case
(x, y, z, u)
Π
−→ (x, y, ?, ty)
Λ2
−→ (x, t, ?, ty)
Π
−→ (x, t, ?, ty′)
Λ2
−→ (x, y′, ?, ty′)
Π
−→ (x, y′, z′, u′).
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Assume that the initial Λ3-step preserves a square-centarl generator, i.e.
(x, y, z, u)
Λ3
−→ (x′, y, z′, w′).
If x′ ∈ F [x, y] then
(x, y, z, u)
Λ1
−→ (x′, y, z, w)
Π
−→ (x′, y, z′, w′).
Otherwise, if x′ commutes with x then
(x, y, z, u)
Π
−→ (x, y, x+ x′, ?)
Λ2
−→ (x′, y, x+ x′, ?)
Π
−→ (x′, y, z′, u′).
Assume that they do not commute. According to Lemma 3.1, there exists
either an Artin-Schreier element or a square-central element t commuting
with both x and x′.
Let µ = t + yty−1. This element commutes with x, x′ and y′. If µ 6∈ F
then µ generates a quadratic extension in both F [z, u] and F [z′, u′]. If it is
separable then
(x, y, z, u)
Π
−→ (x, y, µ, ?)
Λ2
−→ (x, y′, µ, ?)
Π
−→ (x, y′, z′, u′),
and if inseparable then
(x, y, z, u)
Π
−→ (x, y, ?, µ)
Λ2
−→ (x, y′, ?, µ)
Π
−→ (x, y′, z′, u′).
If µ = 0 then t commutes with y and hence t ∈ F [z, u]. If t is square-
central then
(x, y, z, u)
Π
−→ (x, y, t, ?)
Λ2
−→ (x′, y, t, ?)
Π
−→ (x′, y, z′, u′),
and if Artin-Schreier then
(x, y, z, u)
Π
−→ (x, y, ?, t)
Λ2
−→ (x′, y, ?, t)
Π
−→ (x′, y, z′, u′).
If µ ∈ F× then (µ−1t)y + y(µ−1t) = y, which means that µ−1t is Artin-
Schreier, but t was either Artin-Schreier or square-central to begin with, and
therefore µ = 1. In this case, t + x, t + x′ 6∈ F , because otherwise x and
x′ commute, and we assumed that they do not. Now, t + x commutes with
both x and y, which means that it generates a quadratic extension of F
inside F [z, u], which means that either a(t + x) is Artin-Schreier for some
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a ∈ F× or t+x is square-central. Similarly, t+x′ commutes with both x′ and
y, which means that it generates a quadratic extension of F inside F [z′, u′],
which means that either a′(t+x′) is Artin-Schreier for some a′ ∈ F× or t+x′
is square-central.
If a(t+ x) and a′(t + x′) are Artin-Schreier then we have
(x, y, z, u)
Π
−→ (x, y, a(t+ x), ?)
Λ2
−→ (t, y, a(t+ x), ?)
Π
−→ (t, y, a′(t+ x′), ?)
Λ2
−→ (x′, y, a′(t+ x′), ?)
Π
−→ (x′, y, z′, u′).
If t+ x and t+ x′ are square-central then we have
(x, y, z, u)
Π
−→ (x, y, ?, t+ x)
Λ2
−→ (t, y, ?, t+ x)
Π
−→ (t, y, ?, t+ x′)
Λ2
−→ (x′, y, ?, t+ x′)
Π
−→ (x′, y, z′, u′).
If a(t+ x) is Artin-Schreier and t+ x′ is square central then we have
(x, y, z, u)
Π
−→ (x, y, a(t+ x), ?)
Λ2
−→ (t, y, a(t+ x), ?)
Π
−→ (t, y, ?, t+ x′)
Λ2
−→ (x′, y, ?, t+ x′)
Π
−→ (x′, y, z′, u′).
The case of square-central t+x and Artin-Schreier a′(t+x′) is essentially
the same as the last one.
Remark 4.3. As a result, every two quadruples of generators are connected
by a chain of up to 9 steps of type Π and 6 steps of type Λ2.
5. Replacing a step of type Λ2 with steps of types Ωi, Ωs, Ωc and
Λ1
I this section we shall show how a step of type Λ2 can be obtained by up
to three steps, one of which can be of type Ωi, Ωs or Ωc and the others are of
type Λ1. Since Π can be obtained by up to three steps of type Λ1, it means
that every two quadruples of generators are connected by a chain of up to
45 steps, where up to 6 of them are of type Ωi, Ωs or Ωc and the rest are of
type Λ1.
Lemma 5.1. If a step of type Λ2 preserves two inseparable generators, i.e.
(x, y, z, u)
Λ2
−→ (x′, y, z′, u) then it can be achieved by at most two steps of
type Λ1 and one of type Ωi.
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Proof. The element xz′ + z′x + z′ is nonzero because (xz′ + z′x + z′)u +
u(xz′ + z′x + z′) = u. Consequently, (x, y, xz′ + z′x + z′, u) is a quadruple
of generators. Similarly, (xz′ + z′x+ x, y, z′, u) is a quadruple of generators.
One can therefore do the following steps:
(x, y, z, u)
Λ1
−→ (x, y, xz′+z′x+z′, u)
Ωi
−→ (xz′+z′x+x, y, z′, u)
Λ1
−→ (x′, y, z′, u).
The element r = xz′ + z′x was added in the middle step to the Artin-
Schreier generators. This element commutes with y and u, and therefore it
is in F [u, y] and consequently of the form a + by + cu + dyu. This element
however also satisfies xr + rx = z′r + rz′ = r. Hence, a = b = c = 0.
Lemma 5.2. If a step of type Λ2 preserves two Artin-Schreier generators,
i.e. (x, y, z, u)
Λ2
−→ (x, y′, z, u′) then it can be achieved by at most two steps
of type Λ1 and one of type Ωs.
Proof. If yu′ + u′y = 0 then y commutes with u′ and then one can do
(x, y, z, u)
Λ1
−→ (x, y, z, u′)
Λ1
−→ (x, y′, z, u′).
Otherwise, yu′+u′y is square-central, and (x, y, z, (yu′+u′y)y) is a quadru-
ple of generators. Similarly (x, (yu′ + u′y)−1u′, z, u′) is a quadruple of gener-
ators. One can therefore do
(x, y, z, u)
Λ1
−→ (u, y, z, (yu′+u′y)y)
Ωs
−→ (x, (yu′+u′y)−1u′, z, u′)
Λ1
−→ (x, y′, z, u′).
In the middle step, the square-central generators were multiplied by q =
y−1(yu′ + u′y)−1w′. This element commutes with x and z and therefore
q ∈ F [x, z] and consequently of the form a + bx + cz + dxz. However, q
commutes with yu′, and therefore d = 0 and b = c.
Lemma 5.3. If a step of type Λ2 preserves one Artin-Schreier generator and
one square-central generator, i.e. (x, y, z, u)
Λ2
−→ (x′, y, z, u′) then it can be
achieved by either at most three steps of type Λ1 or at most two steps of type
Λ1 and one of type Ωc.
Proof. If xu′ + u′x + u′ is zero then xu′ + u′x = u′. Therefore one can do
(x, y, z, u)
Λ1
−→ (x, y, z, yu′)
Λ1
−→ (x′, y, z, yu′)
Λ1
−→ (x′, y, z, u′).
Let us assume xu′ + u′x+ u′ 6= 0.
x(xu′ + u′x+ u′) + (xu′ + u′x+ u′)x = x2u′ + xu′x+ xu′ + xu′x+ u′x2 + u′x
= (x+ α)u′ + xu′ + u′(x+ α) + u′x = xu′ + αu′ + xu′ + u′x+ αu′ + u′x = 0.
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Therefore x commutes with xu′ + u′x+ u′. In fact, (x, y, z, xu′ + u′x+ u′) is
a quadruple of generators, and in particular xu′ + u′x+ u′ is square-central.
Now
x(xu′+u′x+u′)−1(xu′+u′x)+(xu′+u′x+u′)−1(xu′+u′x)x = (xu′+u′x+u′)−1(xu′+u′x),
and (xu′ + u′x + u′)−1(xu′ + u′x) commutes with z and xu′ + u′x + u′, and
therefore (xu′ + u′x + u′)−1(xu′ + u′x) = by + cxy for some b, c ∈ F , but
(xu′ + u′x + u′)−1(xu′ + u′x) also commutes with xu′ + u′x while y(xu′ +
u′x) + (xu′+u′x)y = 0 and xy(xu′+ u′x) + (xu′+u′x)xy = y(xu′+u′x) and
therefore c = 0. In particular xu′ + u′x = b(xu′ + u′x+ u′)y.
It is a straight-forward calculation to check that
(x+ by(xu′ + u′x+ u′)u′−1z)u′ + u′(x+ by(xu′ + u′x+ u′)u′−1z) = 0,
(x+ by(xu′ + u′x+ u′)u′−1z)z + z(x + by(xu′ + u′x+ u′)u′−1z) = 0,
and so (x+ by(xu′ + u′x+ u′)u′−1z, y, z, u′) is a quadruple of generators too.
Therefore we have the chain
(x, y, z, u)
Λ1
−→ (x, y, z, xu′+u′x+u′)
Ωc
−→ (x+βy(xu′+u′x+u′)u′−1z, y, z, u′)
Λ1
−→ (x′, y, z, u′).
Theorem 5.4. Every two quadruples of elements are connected by a chain
of up to 45 steps, of which up to 6 are of type Ωi, Ωs or Ωc and the rest are
of type Λ1.
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